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The oscillatory and asymptotic behavior of ﬁrst-order nonlinear delay impulsive
differential equations and inequalities is studied. Some new sharp sufﬁcient condi-
tions for oscillation and nonoscillation of solutions of the equations and inequalities
are obtained. Many known results are improved. In particular, the conditions are
necessary and sufﬁcient if the equations and inequalities are autonomous.  2002
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1. INTRODUCTION
Let N = 1 2 3    and let tk∞k=1 be a monotone increasing un-
bounded sequence of positive numbers. Consider the nonlinear delay im-
pulsive differential equation and the corresponding inequalities for t ≥ 0,
y ′t+atyt+ptf yt−τ1yt−τ2yt−τm=0 t = tk (1)
y ′t+atyt+ptf yt−τ1yt−τ2yt−τm≤0 t = tk (2)
y ′t+atyt+ptf yt−τ1yt−τ2yt−τm≥0 t = tk (3)
with the impulsive condition
yt+k  − ytk = bkytk k ∈ N (4)
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under the following conditions:
A1 ap ∈ 0∞ R are locally summable functions and p ≥ 0,
and 0 < τ1 < τ2 < · · · < τm are positive constants;
A2 bk ∈ −1∞ are constants;
A3 f ∈ ClocRmR and satisﬁes that
when ui > 0 i = 1 2    m f u1 u2     um > 0
and
when ui < 0 i = 1 2    m f u1 u2     um < 0
A4 There exist a constant L > 0 and nonnegative constants
α1 α2     αm such that
∑m
i=1 αi = 1 and
f u1 u2     um ≥ L
m∏
i=1
uiαi 
For any σ ≥ t0, let PCσ denote the set of functions φ σ − τm σ → R
which are real-valued absolutely continuous in tk tk+1 ∩ σ − τm σ and
at tk situated in σ − τ σ may have discontinuity of the ﬁrst kind.
Deﬁnition 1. For any σ ≥ t0 and φ ∈ PCσ , a function y ∈ σ −
τm∞ R is said to be a solution of (1) and (4) on σ∞ satisfying the
initial value condition
yt = φt t ∈ σ − τm σ (5)
if the following conditions are satisﬁed:
(i) yt is absolutely continuous on each interval tk tk+1 ∩ σ∞,
k ∈ N;
(ii) for any tk ∈ σ∞, yt+k  and yt−k  exist and yt−k  = ytk,
k ∈ N;
(iii) yt satisﬁes (1), a.e. (almost everywhere) in σ∞ and (4) and
yt may have discontinuity of the ﬁrst kind at impulsive points tk situated
in σ∞.
Deﬁnition 2. A solution of (1) and (4) is said to be nonoscillatory if
it is either eventually positive or eventually negative. Otherwise, it is called
oscillatory.
Remark 1. The deﬁnition of the solution of (2) and (4) (or (3) and (4))
is analogous to Deﬁnition 1. Since yt+k  = 1+ bkytk, it is obvious that
all solutions of (1) and (4) are oscillatory if there is a subsequence nk of
n such that bnk < −1 for k ∈ N .
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In the last 20 years, the theory of oscillation of ﬁrst-order delay differen-
tial equations has been developed. We refer to the monographs [7, 9] and
papers [8, 10, 11, 13]. However, for the theory of impulsive delay differen-
tial equations there are only a few papers dealing with it (see [1–6, 12, 14]).
The purpose of this paper is to study the oscillation and nonoscillation of
the ﬁrst-order nonlinear impulsive delay differential equation (1) and in-
equalities (2) and (3) which have been studied in [1]. The results of this
paper improve these noticeably in [1, 2, 4, 6, 14].
2. MAIN RESULTS
Consider the following auxiliary equation and inequalities for t ≥ t0 + τm,
x′t + atxt + Pt
m∏
i=1
xt − τiαisgnxt = 0 a.e. (1*)
x′t + atxt + Pt
m∏
i=1
xt − τiαisgnxt ≤ 0 a.e. (2*)
x′t + atxt + Pt
m∏
i=1
xt − τiαisgnxt ≥ 0 a.e. (3*)
where Pt = Lpt∏mi=1∏t−τi≤tk<t1 + bk−αi  t ≥ t0 + τm, and ap αi,
i = 1 2    mL and bk satisfy, respectively, (A1), (A2), and (A4). Here
and in the sequel we assume that a product equals the unit if the number
of the factor is equal to zero.
By a solution xt of (1∗) on σ∞ σ ≥ t0 + τm, we mean an absolutely
continuous function xt on σ∞ which satisﬁes 1∗ on σ∞ and the
initial condition xt = φt φ ∈ PCσ .
A solution of 1∗ is said to be oscillatory if it has arbitrarily large zeros.
Otherwise the solution is called nonoscillatory.
Similarly, the solutions of (2∗) or 3∗ can be deﬁned respectively.
In this section, ﬁrst we establish the following fundamental theorem.
Theorem 1. Assume that A1–A4 hold. Then
(i) (2) and (4) have no eventually positive solutions if 2∗ has no
eventually positive solutions.
(ii) (3) and (4) have no eventually negative solutions if 3∗ has no
eventually negative solutions.
(iii) All solutions of (1) and (4) are oscillatory if all solutions of 1∗
are oscillatory.
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Proof First, we prove (i). Suppose that yt is an eventually positive so-
lution of (2) and (4). Then there exist a T ≥ t0 + τm such that yt > 0,
yt − τi > 0, i = 1 2    m for t ≥ T . Set xt =
∏
T≤tk<t1+ bk−1yt.
Thus xt > 0 xt − τi > 0, i = 1 2    m, for t ≥ T . Since yt is
absolutely continuous on each interval tk tk+1 and in view of yt+k  =
1+ bkytk, it follows that for t ≥ T ,
xt+k  =
∏
T≤tj≤tk
1+ bj−1yt+k  =
∏
T≤tj<tk
1+ bj−1ytk = xtk
and for all tk ≥ T ,
xt−k  =
∏
T≤tj≤tk−1
1+ bj−1yt−k  =
∏
T≤tj<tk
1+ bj−1ytk = xtk
which imply that xt is continuous on T∞, and it is easy to prove that
xt is absolutely continuous on T∞. Moreover, from (A4) we obtain
that for t ≥ σ ,
x′t+atxt+Pt
m∏
i=1
xt−τiαi
= ∏
T≤tk<t
1+bk−1
[
y ′t+atyt+Lpt
m∏
i=1
yt−τiαi
]
≤ ∏
T≤tk<t
1+bk−1y ′t+atyt
+ptf yt−τ1yt−τ2yt−τm≤ 0
Thus, 2∗ also has a positive solution on T∞, which implies that the
proof of (i) is complete.
We can prove (ii) by using an argument similar to that of the proof of (i).
Clearly, assertion (iii) is an immediate result of (i) and (ii). The proof of
Theorem 1 is complete.
In the following, we establish an explicit sufﬁcient condition for the os-
cillation of all solutions of (1) and (4). And under this condition, (2) (or
(3)) and (4) have no eventually positive (or negative) solutions.
Theorem 2. Assume that A1–A4 hold and
liminf
t→∞
m∑
i=1
αi
∫ t
t−τi
psexp
( m∑
i=1
αi
∫ s
s−τi
ardr
) m∏
i=1
∏
s−τi≤tk<s
1+bk−αi ds
>
1
Le
 (6)
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then
(i) (2) and (4) have no eventually positive solutions.
(ii) (3) and (4) have no eventually negative solutions.
(iii) All solutions of (1) and (4) are oscillatory.
Proof. We only prove (i). Suppose that yt is an eventually positive
solution of (2) and (4). By Theorem 1, 2∗ also has an eventually positive
solution xt. Then there exists T ≥ t0 + τm such that for t ≥ T ≥ t0 +
τm xt > 0, xt − τi > 0 i = 1 2    m. Set
zt = e
∫ t
T asdsxt t ≥ T
Then 2∗ reduces to
z′t + P1t
m∏
i=1
zt − τiαi ≤ 0 a.e. for t ≥ T (7)
where
P1t = Lpt exp
( m∑
i=1
αi
∫ t
t−τi
asds
)( m∏
i=1
∏
t−τi≤tk<t
1+ bk−αi
)
≥ 0 (8)
By (6), without loss of generality, assume that αm > 0. Hence, there exists
a positive constant C and T1 ≥ T such that
lim inf
t→∞ αm
∫ t
t−τm
P1sds > C > 0 (9)
Thus for any t ≥ T1, there exists a t∗ > t such that
αm
∫ t
t∗−τm
P1sds >
C
2
and αm
∫ t∗
t
P1sds ≥
C
2
 (10)
Integrating (7) from t − τm to t, we obtain that
−zt + zt − τm ≥
∫ t
t−τm
P1s
m∏
i=1
zs − τiαi ds
By monotonicity of zt we have
zt − τm
zt ≥
m∏
i=1
[
zt − τm
zt
]α ∫ t
t−τm
P1sds (11)
Since zt − τi ≥ zt i = 1 2    m, it follows from (7) that for t ≥ T1,
−z′tztαm−1 ≥ P1tztαm−1
m∏
i=1
zt − τiαi
≥ P1tzt − τmαm a.e. (12)
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Integrating (12) from t∗ − tm to t and using (10), we ﬁnd
zt∗ − τmαm − ztαm ≥ αm
∫ t
t∗−τm
P1szs − τmαm ds
≥ αmzt − τmαm
∫ t
t∗−τm
P1sds
≥ C
2
zt − τmαm (13)
Integrating (12) from t to t∗ and using (10), we obtain
ztαm − zt∗αm ≥ αm
∫ t∗
t
P1szs − τmαm ds ≥
C
2
zt∗ − τmαm
(14)
Therefore from (13) and (14) we have
ztαm ≥ C
2
4
zt − τmαm for t ≥ T1
Let
ut =
m∏
i=1
[
zt − τi
zt
]αi
 t ≥ T1
Then ut is continuous on T∞ and
1 ≤ ut =
m∏
i=1
[
zt − τi
zt
]αi
≤
m∏
i=1
[
zt − τm
zt
]αi
= zt − τm
zt ≤
(
4
C2
) 1
αm

Hence,
lim inf
t→∞ ut = u0 <∞ (15)
Dividing (7) by zt and integrating from t − τi to t, we obtain that for
t ≥ T1 ∫ t
t−τi
P1susds ≤ ln
zt − τi
zt 
Multiplying the above inequality by αi and adding from 1 to m, we have
m∑
i=1
αi
∫ t
t−τi
P1susds ≤
m∑
i=1
αi ln
zt − τi
zt = lnut for t ≥ T1 (16)
From (15) and (16), for any sufﬁciently small ε, 0 < ε < u0, there exists
Tε ≥ T1 such that for all t ≥ Tε,
u0 − ε
m∑
i=1
αi
∫ t
t−τi
P1sds ≤ lnut
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Taking limit inferiors on both sides of the last inequality, we obtain
u0 − εC1 ≤ lnu0 (17)
where C1 = lim inf t→∞
∑m
i=1 αi
∫ t
t−τi P1sds. Since ε may be small arbitrar-
ily, from (17) we have u0C1 ≤ lnu0. Thus we see C1 ≤ lnu0/u0 ≤ 1e ,
which contradicts (6). The proof of Theorem 2 is complete.
Remark 2. It is obvious that Theorem 2 improves and generalizes no-
ticeably Theorem 1 and Corollary 1 in [1], Theorem 3.2 in [6], and Corol-
lary 7 in [2].
We consider the following condition, which is a special case of A4.
A′4 There exist a constant L > 0 and nonnegative constants
α1 α2     αm such that
∑m
i=1 αi = 1 and
f u1 u2     um ≡ L
m∏
i=1
uiαi 
Theorem 3. Assume that A1–A3 and A′4 hold. Then
(i) (2) and (4) have no eventually positive solutions if and only if 2∗
has no eventually positive solutions.
(ii) (3) and (4) have no eventually negative solutions if and only if 3∗
has no eventually negative solutions.
(iii) All solutions of (1) and (4) are oscillatory if and only if all solutions
of 1∗ are oscillatory.
Proof. Clearly, from Theorem 1, we only need to prove the necessity
of (i). Suppose that 2∗ has an eventually positive solution xt. We will
prove that (2) and (4) also have an eventually positive solution yt.
Let xt > 0 and xt − τi > 0, i = 1 2    m, for t ≥ T > t0 + τm. Set
yt = ∏T≤tk<t1+ bkxt. As xt is absolutely continuous on T∞ yt
is absolutely continuous on each interval tk tk+1 tk ≥ T . From (2) and
2∗, for t ≥ T ,
y ′t+atyt+Lpt
m∏
i=1
yt−τiαi
= ∏
T≤tk<t
1+bkx′t+at
∏
T≤tk<t
1+bkxt
+Lpt
m∏
i=1
∏
T≤tk<t−τi
1+bkxt−τiαi
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= ∏
T≤tk<t
1+bk
(
x′t+atxt+Lpt
×
m∏
i=1
∏
t−τi≤tk<t
1+bk−αixt−τiαi
)
≤0 a.e. (18)
On the other hand, for every tk ≥ T ,
yt+k  = lim
t→t+k
∏
T≤tj<t
1+ bjxt =
∏
T≤tj≤tk
1+ bkxtk
and
ytk =
∏
T≤tj<tk
1+ bjxtk
Thus for every tk ≥ T k ∈ N , we have
yt+k  = 1+ bkytk
which together with (18) implies that yt is a positive solution of (2) and
(4) on T∞. The proof of Theorem 3 is complete.
Theorem 4. Assume that A1–A3 and A′4 hold and there exists T ≥
t0 + τm such that for all t ≥ T ,
m∑
i=1
αi
∫ t
t−τi
[
ps exp
( m∑
i=1
αi
∫ s
s−τi
ardr
) m∏
i=1
∏
s−τi≤tk<s
1+ bk−αi
]
ds ≤ 1
Le

(19)
Then (1) and (4) have a positive solution on T∞.
Proof. We consider the set W of all nonnegative continuous functions
w satisfying the conditions
W = w ∈ CT − τm∞ 0∞  1 ≤ wt ≤ e for every t ≥ T − τm
and a mapping F on W ,
Fwt =


exp
( m∑
i=1
αi
∫ t
t−τi
P1swsds
)
 t ≥ T
FwT  T − τm ≤ t < T
(20)
where P1t is deﬁned by (8).
Observe that Fwt T − τm∞ → 0∞ is continuous and that (20)
deﬁnes an increasing mapping F  W → W . The increasing character of
F is considered with respect to the usual pointwise ordering in W ; that
is, for any w1 and w2 ∈ W , w1t ≤ w2t implies Fw1t ≤ Fw2t.
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By combining (19) and (20) we ﬁnd 1 ≤ Fwt ≤ e for all t ≥ T − τm.
So, Fw is uniformly bounded on W .
Consider the increasing sequence un∞n=0 of functions on W deﬁned by
u0t ≡ 1 and unt = Fun−1t n = 1 2    and set
ut = lim
n→∞unt pointwise on T − τm∞ (21)
By using the Lebesgue dominated convergence theorem, from (20) and
(21), we obtain
ut =


exp
( m∑
i=1
αi
∫ t
t−τi
P1susds
)
 t ≥ T ,
FuT  T − τm ≤ t < T .
Let
Zt = exp
(
−
∫ t
T
P1susds
)

It is easy to check that Zt is a positive solution of
z′t + P1t
m∏
i=1
zt − τiαi sgn zt = 0 a.e. t ≥ T
Set
xt = Zte−
∫ t
T asds t ≥ T
Then we ﬁnd that xt is a positive solution of (1∗) on T∞. By The-
orem 3, (1) and (4) have a positive solution yt = ∏T≤tk<t1 + bkxt,
t ≥ T . The proof of Theorem 4 is complete.
Remark 4. In particular, when m = 1, by applying Theorem 4 to the
autonomous differential equation
x′t + pxt − τ= 0 t = tk
xt+k  − xtk= bkxtk k ∈ N
(22)
where p > 0, τ > 0, and bk ≥ 0 for k ∈ N , it is easy from (19) to see that if
pτe ≤ 1
then (22) has a nonoscillatory solution. From this we ﬁnd that Theorem 4
is a substantial improvement of Theorem 1 in [4] and Theorem 3.3 in [6],
and it generalizes and improves Theorem 3 and Theorem 4 in [14].
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Consider (1), (2), and (3) under the following conditions:
tk+1 − tk = δ > 0 bk ∈ −1∞ k = 1 2    
at ≡ a ∈ R pt ≡ p > 0 τi > 0
and
∏
t−τi≤tk<t
1+ bk−αi = ri
i = 1 2    m are constants
(23)
By combining Theorem 2 and Theorem 4 we obtain the following result.
Corollary. Assume that (23) and (A′4) hold. Then a necessary and suf-
ﬁcient condition is
Lp
m∑
i=1
αiτi exp
(
a
m∑
i=1
αiτi
)( m∏
i=1
ri
)
>
1
e

so that the conclusions of Theorem 2 are valid.
Example. Consider the differential equation
y ′t + ayt + pyt − τ 13 · yt − 2τ 23 · sgn yt = 0
yt+k  − ytk = bytk
(24)
where p > 0, τ > 0, b ∈ −1∞ are constants, tk = kτ, k = 1 2    
In this example,
∏
t−τ≤tk<t
1+ b− 13 · ∏
t−2τ≤tk<t
1+ b− 23 = 1+ b− 53 
Thus, by the corollary, if
5
3
pτ exp
(
5
3
aτ
)
1+ b− 53 > 1
e

then all solutions of (24) are oscillatory. If
5
3
pτ exp
(
5
3
aτ
)
1+ b− 53 ≤ 1
e

then (24) has a nonoscillatory solution.
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